We observed exact dynamic localization in its general case in strongly coupled curved waveguide arrays with periodic, nonsquare-wave curvatures. We achieved a six times change in the dynamic localization bandwidth by changing a design parameter in our deviated-square-wave curvature. By analyzing the relation between the bandwidth and curvature profile, we offer a general method to control the localization bandwidth.
The nominally extended electron wave functions in periodic potentials can be localized with the application of an external electric field. The periodic wave packet relocalization is known as Bloch oscillations (BOs) under a dc electric field [1] and dynamic localization (DL) under ac electric fields [2] . The optical analogues of electron BOs and DL are found in curved coupled optical waveguide (CCOW) arrays, which have greatly facilitated the experimental investigations of localization phenomena [3] [4] [5] [6] [7] [8] . In a CCOW array [ Fig. 1(a) ], the transverse profile of the optical beam represents the shape of the electron packet; the waveguides, with a width of w and a period d, act as the periodic potential; the radius of curvature R, with a period Ã, plays the role of the applied electric field; and the propagation distance, defined along the waveguide direction v and perpendicular to u, is equivalent to time [9] .
Comparison of curvature profiles and the spatial distributions of light in BOs and DL for two different wavelengths of light , shown respectively in Figs. 1(b) and 1(c), highlights a distinct difference; unlike BOs, DL is a resonant effect and thus requires the wave interference be synchronized with the curvature changes [6, 7] . As a result, DL only occurs at the resonance wavelength R and breaks down at other wavelengths. Due to these severe constraints, generalized DL, with strong interwaveguide coupling, and general curvature profiles, has not been observed experimentally. Spectral bandwidth and spatial localization control was recently reported for weakly coupled waveguide arrays in the ''approximate dynamic localization'' (ADL) regime using sinusoidal [6, [10] [11] [12] [13] and other smooth curvature profiles [14] . However, ADL is not valid when the array cannot be described by a nearest-neighbour tightbinding approximation [7, 8] . In the strong coupling regime, ''exact dynamic localization'' (EDL) using specific periodic curvatures with discontinuous sign changes are required for localization [7, 15] . Thus far, EDL has only been demonstrated in piecewise constant curvatures, which are simply a concatenation of BOs with periodically reversed signs [15] . The similarities in the spatial distributions of optical beams at R highlight the essential equivalence for the BOs [ Fig. 1(b) ] and EDL [ Fig. 1(c) ] geometries studied to date. Here, we report the observation of generalized EDL using nonconstant curvatures as illustrated in Fig. 1(d) . Distinct from previous studies of EDL, light does not undergo any BOs in our current structures but is nonetheless relocalized after a full curvature period. The spatial and spectral properties of our structures are controlled by a design parameter. We show that the localization bandwidth can be varied by a factor of 6 to achieve broadband EDL with a bandwidth of >25% of R . The capability to tailor the optical transmission spectrum and spatial distribution in these arrays demonstrates their potential as nonlinear switches, lasers, amplifiers, and filters.
The schematic of a CCOW is shown in Fig. 1(a) . Each waveguide in the array supports a single mode with an effective index of " n. Without any curvature, the modes of a straight waveguide array are transverse Bloch modes [16] with Bloch wave vectors , which form a band of propagation constants given by
where À=d < =d, and the p are Fourier expansion coefficients of the first photonic band that are related to the interwaveguide coupling constants. In the nearestneighbor tight-binding approximation,
When a single waveguide is excited at the input side, each excited Bloch mode accumulates a different phase, resulting in discrete diffraction [17] . Unless jRðvÞj is very small [9] , the addition of curvature mainly introduces an effective transverse linear gradient to the refractive index which changes the Bloch wave vector. If light is initially launched at v ¼ 0 in the Bloch mode with wave vector 0 , the Bloch vector at position v is [15] 
Within the one-band model [16] , an arbitrary initial state of the optical field for a given polarization can be expressed as
where E 0 ðuÞ and gð 0 Þ respectively are the Bloch modes and the expansion coefficients at v ¼ 0. As demonstrated in the Supplemental Material [18] , the field at v is [15] Eðu; vÞ ¼ X 0 gð 0 þ ÁkðvÞÞE 0 ðuÞe ið 0 ;vÞ ;
where ð 0 ; vÞ is a real phase that depends on 0 and v. As shown in Eq. (1), for a purely ac, periodic RðvÞ, ÁkðÃÞ ¼ 0. However, Eðu; ÃÞ generally differs nontrivially from Eðu; 0Þ due to ð 0 ; ÃÞ. For particular curvature profiles, ð 0 ; ÃÞ can be independent of 0 , so Eðu; ÃÞ ¼ e iðÃÞ Eðu; 0Þ, resulting in the reconstruction of the field. Following Refs. [14, 15] and working in the Bloch instead of the Wannier basis, we obtain
where av ð 0 Þ is the average propagation constant of the Bloch mode 0 after propagating one curvature period. This equation implies that EDL occurs only if av ð 0 Þ is independent of o . av ð 0 Þ can be expressed as the weighted average of propagation constants across the Brillouin zone (BZ) as:
where WðÞ is the BZ weighting function [15] :
For a given , the v jm ðÞ are defined by the condition:
where m is an integer indicating in which BZ the solution occurs and j ¼ 1; 2; . . . labels the different solutions for a given BZ for 0 v jm Ã. An interpretation of WðÞ can be seen from its role in Eqs. (3) and (4b) [14] . When an initially excited Bloch mode propagates, its Bloch vector continually changes. The quantity ðd=2ÞWðÞd is the fraction of the curvature period, dv=Ã, that a given Bloch mode travels with its wave vector between and þ d. If the waveguides are weakly coupled and the nearestneighbor tight-binding approximation is valid, then the only requirement for DL is that WðÞ has no jpj ¼ 1 Fourier component; this requirement is satisfied by the amplitude of the sinusoidal curvature profiles that yield ADL [6] . For arbitrary waveguide coupling strengths, however, the field only returns to its initial state (apart from a global phase) if WðÞ is independent of (see the Supplemental Material [18] for a full derivation). Thus, EDL requires [15] WðÞ ¼ 1; for 2 ½À=d; =d:
This equation implies that EDL occurs only if the light propagates an equal distance with every possible propagation constant, ðÞ, regardless of the initial Bloch vector of the light. One consequence of Eq. (5) is that EDL cannot occur if waveguides are straight at any point, as RðvÞ and WðÞ would diverge. Thus, RðvÞ must be discontinuous wherever it changes sign. For an arbitrary RðvÞ, the condition on WðÞ can be written as:
where R 0 ¼ Ã " nd=4 R is the required curvature amplitude for BOs to occur in one curvature period [see Figs. 1(b) and 1(c) ]. The simplest RðvÞ that satisfies Eq. (6) is the piecewise constant profile [19] shown in Fig. 1  (c) . To illustrate the above condition for this profile, RðvÞ and the corresponding kðvÞ, computed using Eq. (1), are shown in Fig. 2(a) . Figure 2(a) shows that for this curvature at ¼ R , WðÞ ¼ 1 for any in the first BZ and Eq. (5) is satisfied. It is evident that Eq. (5) would not be satisfied if the amplitude of RðvÞ or kðvÞ was changed.
Since the EDL arising from a piecewise constant curvature is essentially a sequence of BOs, its physical properties are identical to BOs. However, using the design rule of Eq. (5), other curvatures profiles satisfying the general EDL requirement can be found that exhibit properties profoundly different than BOs. Here, we choose the curvature profile [19] :
where for Ã=2 < v < Ã, RðvÞ is antisymmetric in v. The parameter a (jaj < 1) continuously changes the profile. This form of RðvÞ has been chosen because it is analytic and because the spectral properties of the array depend strongly on a. When a ¼ 0, RðvÞ is the piecewise constant profile. To evaluate the EDL condition for such profile, curvature changes sign. As a result, the range of over which WðÞ is undersampled is independent of a and relates only to the detuning of from R (see Supplemental Material [18] ). However, the degree of undersampling is smaller for large and positive values of a than for negative ones. For a ¼ þ0:95, the undersampling is very small; thus, to reduce the wavelength dependence of the DL, a should be large. In general, to increase the EDL bandwidth, the slope of kðvÞ should be maximized where the curvature sign changes. This implies that RðvÞ should be small at these locations, i.e., a should be large for our structure. However, as a increases, the minimum radius of curvature decreases, resulting in bending losses (scattering to higher photonic bands) which in turn limits the EDL bandwidth in physically realizable arrays.
To demonstrate optical EDL with these curvature profiles and compare against piecewise constant EDL, we designed three strongly coupled CCOWs in AlGaAs with p Þ 0 for jpj 3 ( 0 ¼ À15:
) and curvature parameters a ¼ 0 (piecewise constant) and a ¼ AE0:52. The values of a were chosen to maximize the difference between the spectral responses of the three structures while avoiding large radiation losses when R is too small. Each CCOW consisted of an array of 50 waveguides of length Ã ¼ 2:0 cm and were designed for a wavelength of ¼ R ¼ 1560 nm. The details of the lithographically defined AlGaAs waveguide structures are outlined in Ref. [8] .
In the three systems, R o ¼ 70:05 mm which results in EDL of light at Ã ¼ 2 cm for a ¼ 0 and a ¼ AE0:52. Figures 1(c) and 1(d) correspondingly show the curvature and beam profiles when a ¼ 0 and a ¼ þ0:52 at various locations for at R ¼ 1560 nm computed using a 2D scalar beam propagation method. In both of these structures, the light completely relocalizes to the center waveguide after one curvature period. However, the spatial distributions of light between the localization points are significantly different.
To measure the transmission spectra of the samples, transverse magnetic polarized light from a tunable continuous wave laser was coupled into the input waveguide of the array via a tapered optical fiber. To observe the transverse profile of the optical power, we focused our imaging system through the slab waveguide [ Fig. 1(a) ] to the CCOW termination point and imaged with an InGaAs camera. Details of measurement technique are described in Ref. [7] . Figures 3(a)-3(c) show the measured spatially resolved optical spectra of the three structures at v ¼ Ã ¼ 2 cm. The maximum localization occurs at R ¼ 1560 nm for all three structures. The results for a ¼ AE0:52 are the first observations of generalized EDL in structures with a nonconstant curvature profile and illustrate that EDL occurs for complex periodic curvatures. Away from R , the light spreads to the neighboring waveguides at a rate that depends on a. The spreading is most significant for a ¼ À0:52. For a ¼ þ0:52, the spreading is reduced, and in the measurable wavelength span of % 200 nm, the light only couples to two neighboring waveguides, while most of the power remains in the center waveguide. Figure 3(d) shows the simulated (lines) and measured (symbols) transmission spectrum at the output of the center waveguide in each structure. The normalized measurements and simulations are in good agreement. The bandwidths of the three structures can be computed by fitting the spectra to Gaussians. The full-width at half-maximum bandwidths were 107 nm for a ¼ 0, 65 nm for a ¼ À0:52, and 390 nm for a ¼ þ0:52. The measurements show a large control over the DL bandwidth that can vary as much as six times, equivalent to 25% of R . The beam propagation simulations used to calculate the spectral response included material dispersion terms computed using the Sellmeier coefficients for AlGaAs [20] . The material dispersion did not restrict the bandwidth modification of DL in this case. The good agreement between the experimental and simulation results can be attributed to the high degree of control over the array geometries, which defined the effective indices, inter-and intraband coupling constants, and the interaction lengths. The well-defined modal properties of the AlGaAs waveguides also facilitated their simulations.
In conclusion, we have shown DL in a general case with strongly coupled waveguides that have complex nonconstant curvatures. These results are the first demonstration of generalized DL and illustrate the role of coupling between Bloch modes in EDL. Unlike previous EDL structures, these structures exhibited a spatial and spectral response controllable by a single parameter in the curvature. We show that the spectral response is sensitive to the magnitude of the curvature near the location of curvature sign change. *arash.joushaghani@utoronto.ca †
